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Abstraet. Multilocation trials in plant breeding lead to
cross-classified data sets with rows = genotypes and
columns = environments, where the breeder is particu-
larly interested in the rank orders of the genotypes in
the different environments. Non-identical rank orders
are the result of genotype x environment interactions.
Not every interaction, however, causes rank changes
among the genotypes (rank-interaction). From a
breeder’s point of view, interaction is tolerable only as
long as it does not affect the rank orders. Therefore, the
question arises of under which circumstances does
interaction become rank-interaction. This paper con-
tributes to.our understanding of this topic. In our study
we emphasized the detection of relationships between
the similatity of the rank orders (measured by Ken-
dall’s coefficient of concordance W) and the functions
of the diverse variance components (genotypes, envi-
ronments, interaction, error). On the basis of extensive
data sets on different agricultural crops (faba bean,
fodder beet, sugar beet, oats, winter rape) obtained
from registration trials (1985-1989) carried out in the
Federal Republic of Germany, we obtained the follow-
ing as main result: W = o7 /(07 + o2) where 62 = geno-
typic variance and ¢, =67, + 02/L with o2, =inter-
action variance, o2 = error variance and L = number
of replications.
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Introduction

Multilocation trials play an important role in breeding
programmes in the testing of the environmental
adaptability of new varieties. Such trials lead to cross-
classified datasets with K rows {genotypes), N columns
(environments) and Lreplicates. The ideal situation for
the plant breeder is that the rank orders of genotypes
are constant across environments, so that the best
genotype in one of the environments is also the best in
all other environments. In real applications, however,
this is generally not the case. Any deviation from the
ideal situation of identical rank orders is the result of
genotype-environment interactions, If the interaction
is so large that it causes a rank change among the
genotypes, one can speak of rank-interaction. Obyvi-
ously, not every interaction is rank-interaction. This
will depend greatly on the relative size of both the
genotypic effect and the interaction effect in the datasets.

For a precise description of these relationships
some authors have introduced the terms qualitative
interactions (crossover interactions) and quantitative
interactions (noncrossover interactions). In noncross-
over interactions the true treatment differences vary in
magnitude but not in direction, whereas in crossover
interactions, the direction of true treatment differences
varies. Although these concepts have been developed
in the field of medicine, they can be applied to questions
concerning genotype-environment interactions in crop
improvement.

Some interesting statistical test procedures have
been published by Azzalini and Cox (1984), Berger
(1984), Gail and Simon (1983) and Zelterman (1990).
For applications to agricultural crops see, for example,
Baker (1988) and Virk and Mangat (1991). An attract-
ive non-parametric approach for computing and
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testing rank-interactions has been proposed by de
Kroon and van der Laan (1981) and van der Laan
(1987).

From a breeder’s point of view, interaction is toler-
able as long as it does not affect the rank orders. So the
question that arises is under which circumstances does
interaction become rank-interaction,

Problem

For datasets with more than two genotypes and more

than two environments, genotype-environment inter-

actions are commonly calculated by an analysis of
variance techniques that leads to an estimated variance
component for genotype-environment interactions.
For a two-way table with K genotypes (rows), N
environments (columns) and L replications, the rela-
tionships between the numerical value of the variance
component of genotype-environment interactions and
the rank changes of the genotypes in the different
environments are of particular practical interest.

With respect to these problems, many prominent
statements have been published, for example: “Pro-
cedure for estimation of genotype x environment in-
teraction variances has been outlined and numerous
estimates have actually been obtained and reported. In
general, however, these have been interpreted with
reference to genotype-environment interaction as a
source of nongenetic variance among selection units of
one kind or another. In contrast, quantitative genetics
has not shown how such estimates can logically be
employed in decisions concerning target populations
of environments. For example, I do not know how
large a component of genotype-environment interac-
tion variances can be, as a fraction or multiple of
genetic variance, when there is no variation among
environments in the rank order values of genotypes (or
family groups of genotypes) nor am I aware that this
has been discussed in the literature” (Comstock 1977).

The purpose of our paper is to present some contri-
butions to this topic. In it, we concentrate on possible
relationships between parametric approaches (vari-
ance components) and nonparametric approaches
(rank orders).

The central question of the following investigations
can be stated as follows: at the parametric side, the
K x N x L dataset can be characterized by the vari-
ance components, i.e. genotypic, environmental, inter-
action, and error variances. At the nonparametric side,
the same dataset can be described by the similarity
respective dissimilarity of the rank orders of the geno-
types in the different environments.

We are mainly interested in possible relationships
between the similarity of the rank orders and these
variance components or functions of them. Further-

more, these investigations can help to clarify the nature
of rank-interaction.

Theory

The data can be arranged in a two-way layout with K
rows and N columns, having L replicates in each cell.
The following linear model is used to analyse the data:

Yijr=ﬂ+gi+ej+(ge)ij+8ijr (1)
where

Vi;» = observed phenotypic value of the r-th replicate
(r=1,..., L) of the i-th genotype (i=1,..., K)
in the j-th environment (j=1,..., N),
u = overall mean,
g; = effect of the i-th genotype,
e; = efect of the j-th environment,
(ge);; = interaction effect of genotype i in environment
jand
&;;, = error of the r-th replicate of the i-th genotype in
the j-th environment.

The variance components aj (genotypes), a2 (envi-
ronments), o2, (interaction) and ¢ (error) can be es-
timated using the lincar model in Eq. 1 by applying
elementary statistical theory. In the field of practical
applications, however, most stability analyses are
carried out for datasets consisting of the means of
genotypes in different environments.

Turning to the cell means, model 1 becomes

Vy=ptg,tetuy; @
where

vi;=(ge); + &

y;; = mean of the i-th genotype in the j-th environment
and

&; = mean error of genotype i in the environment j.

The variance components for this two-way classifica-

tion of the cell means are o2, ¢2 and ¢? with ¢ =

02,4 o2/L (interaction plus mean error variance).
The aforementioned functions of these variance

components are ratios of the following form:

2 2 2 2
€0, €0, +C30,, 1040,
- 2 2 2 2

C50, + €60, +Cq0,,+ Cg0,

for model 1 (with replications) (3) -

_kyo} +kyol +kyol
 ky02 +kso? +kgo?

for model 2 (without repliations) (4)

Each coefficient ¢;,i=1,2,...,8, and also each coefli-
cient k;,i=1,2,... 6, takes the value zero or one.



After ranking the cell means of genotypes within
environments, the table entries r;; denote the rank of
the i-th genotype (i = 1,..., K) in the j-th environment
(j=1,...,N). Each column is a permutation of the
numbers 1,2,..., K. Maximum concordance occurs
when the rankings of genotypes are identical in all
environments. If this is so, the row totals will be some
permutation of the numbers 1N, 2N, ..., KN. The sums
of squares of row totals (SSRT) for maximum concord-
ance can be shown to be SSRT,,, = N*K(K? — 1)/12.

To have a measure of concordance, i.e. a measure of
similarity of rankings, one can put the actual SSRT in
relation to the maximum SSRT. The corresponding
ratio is Kendall’s coefficient of concordance W =
SSRT,.,/SSRT,,, This can be written as (Gibbons
1985):

12
T N2K(K? —1)

where §=N?3, {7, —(K +1)/2}? with 7. =3 ,r;/N.

It is clear from this definition that W must lie
between zero and one. The minimum possible value of
the sum of squares of row totals is zero, in which case W
is also zero. If SSRT,., takes the maximum possible
value, then W = 1.

W can also be defined and interpreted as an evident
generalization of Spearman’s rank correlation coeffi-
cient p; ., which measures the similarity of the rankings
of genotypes in two environments jand ;. The similar-
ity of the rank orders in more than two environments
can be expressed by W. Apart from a certain standard-
ization, W has the meaning of the mean p of all
Spearman rank correlation coefficients for all possible
pairs of environments (Kendall 1962):

©)

2L P Ny

i<y

NN—-1) N-1

/3:
(6)

C1+(N—1)p

N N

w

From the breeder’s point of view, it is desirable to have
a maximum association (W= 1) between the rankings
in different environments. W = 1 implies identical rank
orders of the genotypes in each environment, which
means p;; = 1 for each pair j and ;' and, therefore,
p=1.

If the ranks of the genotypes are assigned at ran-
dom within each environment, then all of the individ-
ual Spearman coefficients are zero (p;;, =0 for each
pairjand j' with g = 0). This case corresponds to a Wof
I/N. For an increasing number of environments
(N — o0) this value tends to W= 0.

For large W, one might expect a high chance that
the ranking will be similar to or even the same as in
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other environments if this set of genotypes is transfer-
red to another environment (not too different from the
ones used for computing W). Such a high predictability
can be obscured, of course, by two sources: genotype-
environment interaction and experimental error.

For applications, it is of particular interest to know
whether the concordance between the rankings signifi-
cantly differs from one completely due to chance. Fora
sufficiently large number of genotypes an asymptotic
test based on the chi-squared distribution can be applied:

LZ=NEK-1)W (7)

with K — 1 degrees of freedom (Kendall 1962).

If W is significant, there are differences in the
genetic effects g;. Note that N(K — 1) W is the statistic
of the Friedman-test. If W is significant, the Friedman-
test for equality of all genotypic means will also be
significant (Gibbons 1985). If W is nonsignificant, this
may have two different causes. Either there are no
differences in the genetic effects, or the v;; effects, i.e. the
experimental error and genotype-environment-inter-
action, are so large in relation to the genetic effects that
differences in the g,’s are obscured. The latter reason is
the more probable in practical applications.

Material and methods

Twenty-seven datasets of yield from official registration trials
carried out in the Federal Republic of Germany (1985-1989)
were used for the calculations. The sizes of the datasets are given
in Table 1. {The complete nonorthogonal dataset for oats for
1989 has been partitioned into three orthogonal sub-datasets (a,
b and c¢)).

Since the tested genotypes result from the actual breeding
work of a limited number of breeders, these genotypes cannot be
considered to be a random sample from a larger universe.
Genotypic effects are, therefore, regarded as fixed, while environ-
mental, interaction and error effects are considered as random.
The variance components were computed for this mixed-cffects
model 1 by equating the actual mean squares with the expected
mean squares. (For simplicity we denote the term 3,9 /(K — 1)
for fixed genotypic effects by ogz , although it is not a variance com-
ponent in the general sense.)

For the tests of significance we used error probabilities 5%,
1% and 0.1% denoted by *, **, and ***, respectively. For every
dataset, Kendall’s coefficient of concordance W was calculated.
All possible ratios of the forms (3) and (4) were calculated from
estimates of the variance components.

We were mainly looking for possible relationships between
the similarity of the rank-orders (measured by W) and specific
functions of the variance components (measured by R or T,
respectively). It is, therefore, of particular relevance which of the
expressions R or T exhibits the strongest dependency on W. For
this functional relationship between W and R or between W and
T we use:

W=f,(R) or W=fy(T) ®)

We are especially interested in whether or not there are linear
relationships between W and some R’s or between W and
some T°s.
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Table 1. Characteristics of yield datasets from German registration trials carried out from 1985 to 1989

Crop Year Number of genotypes Number of environments Number of replications
Faba bean 1985 14 9 4
1986 31 9 4
1987 32 9 4
1988 35 10 4
1989 35 10 4
Fodder beet 1985 19 7 4
1986 22 6 4
1987 21 8 4
1988 17 8 4
1989 20 9 4
Sugar beet 1985 78 11 4
1986 73 11 4
1987 86 9 4
1988 71 9 4
1989 67 11 4
Oats 1985 32 12 4
1986 33 12 4
1987 20 12 4
1988 14 18 4
1989a 33 12 4
1989b 15 9 4
1989¢ 17 16 4
Winter rape 1985 32 8 4
1986 35 11 4
1987 35 10 4
1988 42 9 4
1989 41 10 4

Each dataset provides, of course, only one value for an
investigation of these relationships. To obtain more ‘points’ fora
determination of these relationships, one can combine the results
of different years (for the same agricultural crop). In this paper,
however, we even combine the results for different agricultural
crops. This approach may be justified by the following two
arguments: (1) The parameters W, T and R are expressed as
ratios. They are standardized measures that are independent
from the absolute numerical level of the specific underlying
dataset. (2) We are convinced that the relationships between W
and R or between W and T reflect a general relationship that is
valid for each two-way dataset obtained by testing a set of
genotypes in different environments — irrespective of specific
experimental conditions like plant material, growing condi-
tions, etc.

The relationships between W and each ratio R or between W
and each ratio T will be investigated (1) by the calculation of
Spearman’s rank correlation rg between W and each of the
diverse ratios (3) and (4) and (2) by a simple linear regression
between W and each of the ratios.

Results

The estimates (1) of the different variance components
and (2) of g and W for the 27 datasets from Table 1 are
presented in Table 2. In this paper we are not con-
cerned with these variance components ‘per se’. There-
fore, no detailed discussion of their numerical magni-

tude and their interrelations shall be given. Only some
simple conclusions are mentioned:

1) The variance component for ‘environments’ is of
predominant importance — with extremely increased
numerical values compared to all other variance com-
ponents (for each crop in each year).

2) The variance component for genotype x environ-
ment interactions is lower than the variance compo-
nent for experimental error

02> 6t > 00 ©9)

(exception: faba bean 1985).
3) The variance component for genotypes is lower
than the variance component for experimental error

6i>0t >0 (10)

(exceptions: faba bean 1985; fodder beet 1985, 1987 and
1988; sugar beet 1985).

4) The relationship between the numerical magnitudes
of 62 and o2 is not unique. o2 may be lower or larger
than o, but in most cases we have: 02> 0pe

5) The inequality

02> a4 > 05 > 0ge (11)

is valid for 16 of the 27 datasets from Table 2.



Table 2. Estimates of the variance components and of 5 and W for the five agricultural crops in the different years

A2

A2

Crop Yeat &, &, &ye 62 &, 0 w
Faba bean 1985 20.27 118.66 26.63 18.02 31.13 0.37 0.44
1986 16.23 229.01 13.76 39.65 23.68 0.38 045
1987 19.12 73.06 15.12 22.94 20.85 0.40 0.47
1988 13.67 189.37 16.39 19.21 21.20 0.33 0.40
1989 11.20 86.33 13.86 18.68 18.53 0.40 0.46
Fodder beet 1985 102.80 502.44 20.54 51.28 33.36 0.75 0.78
1986 41.59 225.06 9.17 43.04 19.93 0.68 0.73
1987 101.20 233.12 11.23 31.48 19.10 0.84 0.86
1988 88.39 168.03 16.12 3292 24.34 0.78 0.81
1989 7445 624.68 22.36 112.09 50.38 0.59 0.64
Sugar beet 1985 13.80 76.03 1.23 12.57 4.37 0.76 0.79
1986 10.19 84.27 0.29 21.87 5.76 0.65 0.69
1987 11.85 30.63 0.24 13.33 3.58 0.74 0.77
1988 11.49 54.86 1.19 14.92 492 0.64 0.68
1989 9.37 92.57 0.00 31.81 795 0.60 0.63
Oats 1985 345 127.14 1.92 23.46 7.79 0.29 0.35
1986 9.56 101.40 5.14 13.22 8.45 0.29 0.35
1987 3.14 217.07 5.52 8.13 7.55 0.23 0.30
1988 3.56 84.50 3.96 17.53 8.34 0.29 0.33
1989a 6.95 129.48 4.39 9.58 6.78 0.53 0.57
1989b 9.16 243.10 2.75 16.45 6.86 0.55 0.60
1989¢ 941 85.44 426 16.76 8.45 0.50 0.53
Winter rape 1985 12.34 32.15 9.78 16.09 13.80 0.39 0.47
1986 9.14 41.51 4.62 15.60 8.52 0.50 0.54
1987 11.60 63.00 5.50 12.59 8.65 0.51 0.56
1988 591 18.84 7.10 9.29 942 0.34 0.41
1989 471 42.36 5.75 15.33 9.59 0.34 0.40

The p-values vary from 0.23 up to 0.84, while
Kendall’s W takes numerical values between 0.30 and
0.86. W is significant in all datasets (at an error prob-
ability of 0.1%).

All possible ratios of R and T have been inves-
tigated (210 R’s and 42 T’s). The rank correlations ry
between W and each of these ratios and, additionally,
the parameters of a simple linear regression (regression
coefficient, intercept, coefficient of determination) are
presented in Table 3 for those ratios R and T with
larger rg and larger coefficients of determination. (The
results for all other ratios can be obtained from the
authors on request.)

All numerical values of Table 3 are significantly
different from zero (at an error probability of 0.1%),
with only two exceptions: The intercepts for nos. 5 and
16 are non-significant. The largest coefficients of deter-
mination are obtained for no. 2 and for no. 5 - with a
numerical value 0f0.91 in both cases. The rank correla-
tions are — 0.93 for no. 2 and 0.93 for no. 5. No larger
rank correlation was observed among the 252 different
ratios. Both ratios no. 2 and no. 5 are, of course, not
independent from each other: ratio no. 2 + ratio no.
5= 1. We, therefore, concentrate on only one of them,
Le. no. 5.

The regression equation

W = regression coefficient x ratio + intercept

for no. 5 is:
096 g2 0.04

W=~~~ —g S~ 12
~1 a +a + ~0 (12)

This regression equation leads to the approximation

o2
G, + 0,

This expression (13) gives a quite clear and even simple
relationship between the non-parametric coefficient of
concordance W and the parametric ratio 0'2 / (a + o2).
This result answers Comstock’s question and comment
given above. Furthermore, it provides a clear and
meaningful interpretation of W, since (13) can be re-
written as:

1
W~

~ (14)
1+
O'g

W depends on only one parameter: the ratio a2/ g of
both variance components (see also Dlscuss1on)
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Table 3. Rank correlation, regression coefficient, intercept and coefficient of determination for the relation between Wand different

variance ratios Rand T

Number Ratios Rank correlation Linear regression
r
° Regression Intercept Coefflicient of
coefficient determination
Ratios T

1 o —0.93 —-022 0.79 0.81

2 ar/os +or —0.93 —0.96 1.01 0.91

3 o: +ayjop + ol —0.87 —147 1.99 0.74

4 oy /or 0.93 0.12 0.37 0.80

5 o;/o; +ap 0.93 0.96 0.04 091

6 o+ o, /oL 0.93 0.12 0.25 0.80

7 os+ a5/} —093 ~0.22 1.01 0.81

8 o +0l/ol + o, 0.87 1.22 —0.70 0.71

Ratios R

9 0s./0] —0.84 —0.28 0.72 0.69
10 Op/ g + 05 —0.84 ~0.73 0.79 0.74
11 ot ar/ar +ap ~091 —0.64 1.08 0.85
12 0ot 0o /05 + 0pe+ 0, —0.81 —0.99 1.21 0.73
13 0s +05,/0; + 0L —0.87 ~1.54 1.99 0.75
14 ol ol tolo ol +a, —0.86 ~1.82 227 0.77
15 o}/o0 +0s 0.81 0.25 0.40 0.61
16 0,0, + 00 0.84 0.73 0.06 0.74
17 0y [0) + Ooe + 02 0.81 0.99 021 0.73
18 op+oljoL+a. 091 0.27 0.19 0.76
19 o.+a.los o, 0.87 1.13 —0.68 0.71
20 ol +o.+ a0, + 0+ o, 0.86 1.40 —~0.95 0.73
Discussion In terms of variances, o2 is the same in both figures,

The main result (14) can be easily explained by con-
sidering Fig. la and b for two genotypes and two
environments: In both figures the effects v;;(i=1,2;
j=1,2) are the same, but the differences between the
two genotypic effects are different (large in Fig. 1a,
small in Fig. 1b).

In Fig. 1a the interaction does not cause a rank
change because it is small in relation to the difference
between the genotypic effects. More precisely, the
rank-interaction in Fig. 1b (at environment 1) occurs
because the absolute value of (v;; —v,;) is larger than
that of (g, — g,):

Var— Y= tgste +vy)—(u+g,+e +vyy)

=(g,—¢gy) + (vy; —vyy) >0in Fig. la
>0in Fig. 1b (15)

and this leads to

(g2 —91) > (011 —v2y)

(16)
(92 —91) <y, —vyy)

in Fig. la}
in Fig. 1b

while ag:’“ is larger in Fig. 1a than in Fig. 1b.

These considerations make plausible that rank-
interaction is more likely to occur the smaller o7 is
relative to o2, or the larger o2 is relative to o7. The
similarity respective dissimilarity of the rank orders of
the genotypes in the different environments will there-
fore be determined by the ratio 67 /7. This conclusion
is in perfect accordance with the approximation of
Eq. 14.

Therefore, a high rank correlation of W with ¢2/
O‘; (no. 1 from Table 3) is expected.

Note that ¢} = g7, + ¢7/L. Thus, high rank corre-
lations are also expected for variance ratios involving
one of the two components of o7, namely o7 /Lo, and
a2,/0; (see: no. 9 in Table 3).

If the ratio of two variance components is sub-
stituted by the relative share of one component in the
total of the two, the rank correlation remains unaffec-
ted while the coefficient of determination improves
(see:nos. 2, 5, 10 from Table 3). Many other ratios from
Table 3 are of particular interest: for example no. 11:
02,4 0%/a] + o} with a rank correlation of rg = —0.91
and a coeficient of determination of 0.85.
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The linear regression

2 2
W=(—0.64) 2% 1 108 (17)
g 0

provides the approximation

0.36— W _ o2 — a2

= 18

0.64 o2+ (18)
and it can be concluded:

0r, =02 W=036 (19)

(where the sign <> means “if and only if”).

The empirical results from Table 2 are in approxi-
mate agreement with these findings: For example oats
data 1988 with ¢} =3.56, 0;,=3.96 and W=0.33
(Table 2).

Albeit interesting, in this paper no further ratios
will be discussed. The approximate functional relation-
ship between W and the ratio of the two variance
components in Eq. 14 provides an interesting further

(with rank change)

>
ments

interpretation of Kendall’s W: by Eq. 14 one obtains:

<N

1—W measure of discordance 0 (20)
w measure of concordance — 05

This means: the discordance (1 — W)expressed in units
of the concordance (W) equals the ratio of the two
variance components ¢ and ¢7.

For o2 =0 it follows that W= 1 (perfect concord-
ance). o2 =0 is equivalent to o2, =02 =0. For zero
variance components for interaction and for error one
obtains identical rank orders of the genotypes in the
different environments (W= 1), i.e. maximum associ-
ation. Relationship 14, therefore, is in perfect agree-
ment with the expectations.

The linear regressions of Table 3 are based on the
27 experimental values of W, R and T. The empirical
W’s are not dispersed over the total interval from 0 up
to 1; they are in a restricted interval from 0.30 up to
0.86. There may be some difficulties and/or uncertain-
ties if one considers the calculated linear regressions as
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a valid functional relationship for the complete interval
fromOto 1.

Further improvements may be achieved by gener-
alizations of the expressions for R and for T in Egs. 3
and 4. In our previous investigations the coefficients c;,
i=1,2,...,8andk,i=1,2,..., 6 were only assigned the
numerical values 0 or 1. If we allow arbitrary values for
¢; and for k; that may be theoretically determined or
estimated from the data by some criterion of optimal-
ity, improvements in the previous results may be pos-
sible. Such generalizations, however, will not be dis-
cussed in this paper.
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